Research Methods and Statistics
Lecture 15: Hypothesis tests

Riet van Bork




Share your thoughts on
the course: Focus groups

* When a date is settled, a message will
be shared on canvas to sign up for the
focus group.

* Please do! Your feedback is valuable for
improving the course each year, and we
can explain our reasoning for the things
we do.




Last week

If we would show you this graph and add
“lgnore sampling variability, only consider

B
100 . point estimates” then the conclusion should
@== 4-year-olds . . .
B— 6-year-olds be: “there is an interaction effect, because
80 .
the lines are not exactly parallel!”

Percent time

60
on boring task
(persistence) %//é However, the book concludes “There
e probably is no interaction (these readers

: 5 {/f $ reported that the interaction is not
significant)” and the caption writes “the
0 : . lines are nearly identical”
Third-person “Hardworking
perspective hero” (Batr_nan)
LEtRENg We use significance tests to deal with the

uncertainty around the point estimates.

p.369 in Morling



Today

Hypothesis test for a proportion
Hypothesis test for a mean
Correspondence to confidence interval

Sometimes we make the wrong decision



Picture source: pixabay.com
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Abstract

Mammals usually produce approximately equal numbers of sons and
daughters, but there are exceptions to this general rule, as has been
observed in ruminant ungulate species, where the sex-allocation
hypothesis of Trivers and Willard has provided a rational evolutionary
underpinning to adaptive changes in sex ratio. Here, we review
circumstances whereby ruminants and other mammalian species,
especially rodents and primates, appear able to skew the sex ratio of
their offspring. We also discuss some of the factors, both nutritional
and nonnutritional, that potentially promote such skewing. Work from
our laboratory, performed on mice, suggests that age of the mother and

“a diet high in saturated fats
but low in carbohydrate leads
to the birth of significantly
more male than female
offspring in mature
laboratory mice, whereas
when calories are supplied
mainly in the form of
carbohydrate rather than fat,
daughters predominate”



Proportion girls

* How do we test whether a sample proportion differs from some
hypothesized value

* |In the population the probability of a baby girl is 0.5

* What value should we find to conclude that the high carbohydrate/low fat
diet is effective in increasing the proportion girls?

* 0.51?7 0.55? 0.607

 Posibilities:
* Confidence interval 2 Chapter 8
* Today: Hypothesis tests



Hypothesis tests

Substantive hypothesis: Statement about how the world works
— Caffeine improves concentration
—>horoscope readers can predict personality based on date of birth

—Diet high on carbohydrate and low on fat will increase the probability of
a baby girl

Statistical hypothesis: Statement about a population parameter
—>people score higher on concentration test after having had caffeine (difference > 0)

—horoscope readers perform better than can be expected from chance (proportion
correct > % , when 4 personalities to choose from)

—>for people who use high-carbodydrate/low-fat, proportion of girls born > 0.5



Significance test

Involves two statistical hypothesis

* Null hypothesis, H,: Specifies a particular value for a population parameter

* Ho:p=po
* In this case, Hy: p=0.5

* Alternative hypothesis, H_: Specifies an alternative range of values

* Hy:p>pyorp<pyorp+p,
* In this case, H;: p > 0.5



Hypothesis tests

Substantive hypothesis: Statement about how the world works
— Caffeine improves concentration
—>horoscope readers can predict personality based on date of birth

—Diet high on carbohydrate and low on fat will increase the probability of
a baby girl

Statistical hypothesis: Statement about a population parameter
—>people score higher on concentration test after having had caffeine (difference > 0)

—horoscope readers perform better than can be expected from chance (proportion
correct > % , when 4 personalities to choose from)

—>for people who use high-carbodydrate/low-fat, proportion of girls born > 0.5



Hypothesis tests

* We will test the null-hypothesis. Two conclusions possible:
* Reject null in favor of the alternative

* Not reject null (in that case we “retain” null as believable, but it is only one of
the many believable options so we do not “accept” null!)

* Therefore we will reason from the null: “if the null hypothesis were
true, how probable would it be to find these or more extreme
results?”

* So, let’s assume that p = p, then what do we expect?



Population here refers to pregnant women using the diet

If we were to draw samples over
and over again:
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If np > 15 and n(1-p) > 15 then it is a normal distribution (Ch 7)
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s this sample proportion extreme if H,is true?

Let’s suppose that the 7
study looks at 100
women who are put on

the diet, and in that
sample the proportion
of girls we find is 0.59.

(% = 0.59)

| | | I |
0.3 04 0.5 1:]6 0.7

0.59

15



s this sample proportion extreme if H,is true? .m

High probability to observe values in this range if H, is true (i.e., proportion is 0.5 in the population)
16



Extreme values to observe if proportion is 0.5 in the population

Since H, is p > 0.5 (“larger than .5”) we don’t consider the lower tail, only the upper tail is considered extreme
17



a = 0.05 means that if H
is true, then in 5% (or with
probability .05) of the
samples, we will incorrectly
reject Hy. So, you choose an «

that gives a “small” probability
Not reject H, of an error when Hj, is true.

/ Typically this is .05, but it can
be another value as well
Reject H,

(observing a statistic from this range is
improbable if H, is true)

;

level of significance, a
e.g., 0.05 probability

0.3 0.6 0.7

how to choose this boundary??

Since H, is p > 0.5 (“larger than .5”) we don’t consider the lower tail, only the upper tail is considered extremé®



Next question: is the value you observed in this blue area or not? Calculate a p-value!

0.3

We observed p = 0.59
In a sample of n =100

Should we reject H,?

0.59

Interpretation of the p-value:

The p-value is the probability of
observing the observed test statistic or
more extreme if Hy is true.

In our example that is the probability of
the red area! Next, check whether
that’s smaller than «.

19



0.3

We observed p = 0.59
In a sample of n =100

Should we reject H,?

0.59

observation — mean

standard deviation

7 = —> Remember from lecture 9

P-value: probability of these or extremer results if
H,is true

P(p > 0.59)

@zﬁ—poz P — Do _ 0.59 — 0.5 _
seg Jp0(1 — po) \/0.5(1 —0.5)
n 100

P(Z'> 1.8) = P(p > 0.59) = p-value

1.8

Test statistic: a measure of how
far the point estimate (p) falls from the
parameter value in the null hypothesis, p,




Calculate using excel:

We use “1 - “ to get the upper
tail probability (the right side)

File Home Insert Page Layout Formi.as Data Review
Al v Jx =1-NORM.DIST(1,8;0;1;TRUE)
A B | C | D | E | F | G
1| 0,03593]
2




0.3

We observe 0.59

Should we reject H,?

0.59

P-value: probability of these or extremer results if
H,is true

P(p > 0.59)
Zzﬁ—poz P—po _ 059-05 _
seg Jp0(1 — Do) \/0.5(1 —0.5)
n 100

P(Z > 1.8) = P(p > 0.59) = p-value = 0.036

1.8




0.3

0.59

P-value: probability of these or extremer results if
H,is true

P(p > 0.59)
Zzﬁ—poz P—po _ 059-05 _
seg Jp0(1 — Do) \/0.5(1 —0.5)
n 100

P(Z > 1.8) = P(p > 0.59) = p-value = 0.036

1.8

We observe 0.59

Should we reject H,?
If P-value < a the answer is yes.
So for an a of 0.05 the answer is yes!




Finding that the p-value is smaller than alpha, means that the red area is smaller than the blue area.

Alpha: 0.05 P-value: 0.036

0.3

0.7 0.3 . . . 0.7
0.59

24



Conclusion

* P-value in this example equals 0.036

* Thus: If H,is true (i.e., birth rate girls equals 0.5) the probability of observing these or
extremer results is 0.036

* If this probability is smaller than the level of significance (a), you conclude that H,
should be rejected in favor of H,

* Commonly a level of significance of 0.05 is used. This means that if H; is true and we
reject H, for samples that give a p-value < a, we will incorrectly reject Hy in 5% of cases
(= small error probability)

- Thus in this case, we reject the null hypothesis and conclude that the true proportion
is significantly larger than the hypothesized null value 0.5

* We find support for H, : p > 0.5



One sided tests

 This was a one sided test
Ho:p=0.5 H_,:p>0.5




One sided tests

* Example:

l(I..f YO‘U have no morning SiCkneSS during pregancy you inction GettingPregnant  Pregnancy Baby Toddler Kid PreTeen EarlyTeen ForYou Tool
will likely get a boy” .

Verwerk data,
slahetop en

schaal bij zonder
beheerinfrastructuur

- Probability of girl will be smaller than 0.5 for people
without morning sickness

Suppose we draw a sample and observe p =0.41

Is this result significantly smaller than 0.5, if we use a
significance level of 0.057

27



One-sided tests

0.3

0.417

0.5

06

P-value: probability of these or extremer results if

H,is true

P(p < 0.41)

_P-py_ P-py 041-05
zZ= = =—1.3
5o \/po(l — po) Jo.S(l — 0.5)
n 100
P(Z < '1.8) = 0. 036 File Home Insert Page Layout Formulas Data Review
a1 M J =NORM.DIST(-1,8;0;1;TRUE)
A B C D E F

28



One sided tests

e This is also a one sided test, but different direction
Ho:p=0.5 H,:p<O0.5




One sided tests

* Note that in a one-sided test, the choice of calculating the lower or
upper tail from a observed value depends on the direction of the
alternative hypothesis!

* E.g., suppose H, =p > 0.5
and we find that p = 0.59, then:

Al - fe | =1-NORM.DIST(1,8;0;1; TRUE)

A B C D E F

1 0,035931

0.59



One sided tests

* Now, suppose we find again that p = 0.59
* However, this time H; = p < 0.5, then:

File Home Insert Page Layout Formulas Data S

Al - Jr | =NORM.DIST(1,8;0;1; TRUE)

A B C D E F ( -
1 | 096407

31



Two sided tests

* If you don’t have a strong expectation, you need a two sided test

* E.g., is the probability of a baby girl different from 0.57?



Two sided tests

* In a two-sided test, the hypotheses are: Hy: p=0.5and H_: p # 0.5
* And the p-value is the probability of extreme tails on both sides!

| | | | | | | |
0.3 0.4 0.5 0.6 0.7 0.3 0.4 0.5 tﬁ 0.7



P_Values In a tWO_SIded test Both tails are considered extreme

| | |
0.3 0.4 0.5

Suppose we observed p = 0.59
In a sample of n =100

Should we reject H,?

0.59

0.7

now as we have a two-sided test!

P-value: probability of these or extremer results if
H,is true

2 X P(p > 0.59)

_P—Po__ P —Po 0.59 — 0.5

V4

We calculate “>
because p (0.59)
is larger than p,
(0.5), so we
know it is on the
right side of the
distribution, and
hence the
smaller tail is the
upper tail!

VA

100

P(z > 1.8) = 0.036 (from excel)
Thus p-value equals 2 X 0.036 = 0.072

For an a of 0.05, this p-value is not significant -> don’t reject H,

seo \/po(l_Po) Jo.5<1—o.5) -
n

= 1.8

In a two-sided test, the alternative
does not have a direction, so you
calculate the smaller tail and double it




Conclusion

Based on the P-value draw a conclusion about H, (reject / not reject)
P-value < level of significance = reject H,in favor of H,

P-value > level of significance = not reject H,

reject H, in favor of H, = women on diet X are more likely to get a girl

not reject H, 2 we could not reject the null hypothesis, and so we did not find
evidence for the effect of diet X on the proportion of girls being born

Note: “we did not find evidence fot the effect” does not mean that we conclude
that there is no effect! We do not “accept” H, , we only keep it as a possibility.




Today

Hypothesis test for a proportion

Hypothesis test for a mean

Correspondence to confidence interval

Sometimes we make the wrong decision
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Example

A researcher is interested in whether children who bike more than 5km to school
score higher on a fitness test than the general population of that age. The mean

score of this age category on a certain fitness test equals 8.0.

To test whether the fitness of these children is significantly higher than 8.0, the
trainer randomly samples 31 children who bike > 5km to school and administers
the fitness test

He finds:

* mean score: 8.43
* standard deviation: 2.0.

Is the mean significantly larger than 8.0?




Hypothesis test for a mean

 Specify hypotheses
* Hy:nu=38

*H:u>8

* Because we expect the biking to increase fitness (it will not decrease fitness)



Hypothesis test for a mean

e Calculate test statistic:

* Recall from Chapter 7: using s to estimate o introduces
additional uncertainty and so we use the t-distribution.

 The test statistic will thus be a t-value:

x_‘uo_f_,uo_84‘3_8

se  s/\yn 2/V31 =120

t =

* with n - 1 degrees of freedom=31-1=30




Hypothesis test for a mean

e Calculate P-value

.')Z—[J,O _ .')E—‘U,O _ 8.43-8 _
se  s/yn 2/\31 1.20

0t=

* with n -1 degrees of freedom=31-1=30

File Home Insert Page Layout Formulas Data Rev

Al - fr | =1-T.DIST(1,2;30;TRUE)

A B C D E F

0,119765|

-4 -2 0 2 4

Because we want a
P-value in the t-distribution

Val
-

= 1-T.DIST(1,2; 30; )

1 1 1 1 1 / IIII|
1
Because T.DIST always gives v
2 you lower tail probabilities

Our calculate t-value
Our calculated degrees of freedom



Hypothesis test for a mean

Draw conclusion:

* p=0.12, which means that the probability of observing 8.43 or larger is 0.12 if H,,
s true.

e Suppose we choose a=0.05. P-value it is not smaller than 0.05, so we do not reject
H0

e So, our observed sample mean (8.43) does not differ significantly from 8

* We do not reject the null hypothesis: we retain the possibility that biking does not
increase physical fitness scores



Today

Hypothesis test for a proportion

Hypothesis test for a mean

Correspondence to confidence interval

Sometimes we make the wrong decision

42



Correspondence to confidence interval

* Conclusions from a two-sided significance test will agree with
conclusions drawn from a confidence interval

* e.g.,: a two-sided significance test with a significance level of 0.05 will
produce the same conclusions as a 95% confidence interval

* e.g.,: a two-sided significance test with a significance level of 0.01 will
produce the same conclusions as a 99% confidence interval



Correspondence to confidence interval

* For example, in the fitness example before:
* mean score: 8.43
e standard deviation: 2.0.

* |f we did a two-sided significance test with significance level of 0.05 ..
* Hyp:pp=38
* H:p,#8

e ...P-value =2 X 0.12 = 0.24, so you won’t reject the null-hypothesis

If we calculated a 95% confidence interval, it equals (7.697; 9.16)
* The interval does contain 8. So, we draw the same conclusion: you won’t reject H,



Sam I.
Pling distribUtiOn
of ¥

Probability 0.025

Probability 0.025 ~— | /
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Sam I.
Pling distribUtiOn
of ¥

Probability 0.025

Probability 0.025 /
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Today

Hypothesis test for a proportion

Hypothesis test for a mean

Correspondence to confidence interval

Sometimes we make the wrong decision
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Sometimes we make the wrong decision

* |f we find a P-value smaller than a level of significance a
(for example, a = .05) we argue this:

“If H, is true, it is improbable that | observe
data as extreme or more extreme as what | have
observed. Thus, | conclude H,is not true”

Not reject H,

However there is still a chance that H, is true!
(i.e., 0.05 in this case)
The nice thing is, we control the probability of this

Reject H,

error by choosing a! :




Sometimes we make an error (draw wrong conclusion)

True state of the world

Statistical decision

H, is not rejected

H, rejected

Hyis true

H, s true

49




Sometimes we make an error (draw wrong conclusion)

True state of the world

Statistical decision

Hyis not rejected  |H,rejected

Hyis true

Type | Error (a)

H, s true

50




Sometimes we make an error (draw wrong conclusion)

True state of the world

Statistical decision

Hyis not rejected  |H,rejected

Hyis true

Type | Error (a)

H, s true

Type Il Error

51




Sometimes we make an error (draw wrong conclusion)

True state of the world

Statistical decision

H, is not rejected

H, rejected

Hyis true

1- P(Type I error)

Type | Error (a)

H, s true

Type Il Error

52




Sometimes we make an error (draw wrong conclusion)

True state of the world

Statistical decision

Hyis not rejected  |H,rejected

Hyis true

1- P(Type I error) Type | Error (o)

H, s true

Power =
1 - P(Type Il error)

53

Type Il Error




Example exam question

A researcher adminsters a concentration test to a
group of elderly people (n = 30) who do yoga each
day. It is known that elderly have a mean score of
15.1 in the population, but the researcher expects
that elderly who do yoga regularly will have a better
concentration (H,: p > 15.1).

In her sample, the researcher finds a mean of 21.9
(SD = 15) . What is the p-value?

a) 0.01
b) 0.02
c) 0.05




Solution example exam question

,_219-151 ..
15/ V 30 | File Home Insert Page Layout Formulas BEIE] Review
df=30-1=29 +
Al - Jx =1-T.DIST(2,483;29;TRUE)
P =0.0095 (from Excel)
So, rounded this is 0.01
A B . C . D | E . F . G

0,009529)

1 T S 0 T N5 TR

55



Example exam question

* Nina uses a level of significance of 0.05. This means that the

a) Type lerroris 0.05
b) Type Il error is 0.05
c) power is 0.05



Solution example exam question

* Nina uses a level of significance of 0.05. This means that the

a) Type l erroris 0.05
b) Type Il error is 0.05
c) power is 0.05



Example excercise from the book

9.17 Another test of astrology Examples 1, 3, and 5 referred

to a study about astrology. Another part of the study
p479 used the following experiment: Professional astrologers

prepared horoscopes for 83 adults. Each adult was shown
three horoscopes, one of which was the one an astrologer
prepared for him or her and the other two were randomly
chosen from ones prepared for other subjects in the study.
Each adult had to guess which of the three was his or hers.
Of the 83 subjects, 28 guessed correctly.

a. Define the parameter of interest and set up the hypoth-
eses to test that the probability of a correct prediction
is 1/3 against the astrologers’ claim that it exceeds 1/3.

b. Show that the sample proportion = 0.337, the standard
error of the sample proportion for the test is 0.052, and
the test statistic is z = 0.08.

@ ¢. Find the P-value. Would you conclude that people are
more likely to select their horoscope than if they were
randomly guessing, or are results consistent with ran-

- 58
dom guessing?



Solutionto 9.17

a) p = proportion of adults who guess
correctly

1

Ho: p —15

H,:p > 3

b) 28/83 = 0.337
12
3(8—33)=O.052

p —Do_ 0.377—-0.333 M
Sep 0.052

c) p-value =0.47

This is much larger than an alpha of 0.05, so results are consistent with random
guessing.

59



Some other relevant excercises in the book

*9.2,94,9.5,9.7,9.10,9.11, 9.12, 9.18, 9.23, 9.27, 9.28, 9.29, 9.30,
9.31, 9.34,9.42,9.43, 9.45, 9.50, 9.52

* For any questions that you like help with: ask on the discussion board
on Canvas!

* The next slides summarize the five steps of a significance test



The five steps of a significance test

* Step 1: Assumptions

* For proportion:
Variable is categorical
Data are obtained using randomization (random sample or random assignment)
Sampling distribution of proportion is normal if np 2 15 and n(1-p) > 15

* For mean:
e Variable is quantitative
* Data are obtained using randomization (random sample or random assignment)
* Population distribution of the variable is approximately normal



The five steps of a significance test

 Step 2: Hypothesis
» Specify the Null and Alternative Hypothesis

* E.g,

Hy: p=0.5

H.:p>0.5 (one sided)
or
Ha
or
H

:p<0.5 (one sided)

:p#0.5 (two sided)

a



The five steps of a significance test

* Step 3: Test statistic

For proportion:

Z:ﬁ _P0= D — Do
5€o \/Po(l_Po)

n

* For mean:
X—Ho X~ U

se  s/\n

Degrees of freedom=n-1



The five steps of a significance test

* Step 4: P-value
* Calculate the relevant tail probabilities

* E.g,
H:p<pg H,:p>pg H,:p # p,




The five steps of a significance test

e Step 5: Conclusion
Based on the P-value draw a conclusion about H, (reject / not reject)
P-value < level of significance = reject H,

P-value > level of significance = not reject H,
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  = 2 × 0 . 12 = 0 . 24


   H 0


   x -


   𝒙 -


   𝜇 0


   x -


   𝜇 0


   𝒙 -


  𝛼


  t =   21 . 9   –   15 . 1  15 /  30 = 2 . 483


   H 0 :   p =  1 3


   H a : p >  1 3


      1 3 ( 1 −  1 3 ) 83


     p ^   − p 0  s  e 0


    0 . 377 − 0 . 333  0 . 052 = 0 . 08


  z =    p ^   − p 0  s  e 0 =    p ^   − p 0      p 0 ( 1 −  p 0 ) n


  t =    x - −  𝜇 0  s e =    x - −  𝜇 0  s /  n

